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Charged, rotating Kerr-Newman black holes represent the most general class of asymptotically flat black hole
solutions to the Einstein-Maxwell equations of general relativity. Here, we consider a simplified model for the
Hawking radiation produced by a Kerr-Newman black hole by utilising a (1+1)-dimensional accelerated bound-
ary correspondence (i.e. a flat spacetime mirror trajectory) in Minkowski spacetime. We derive the particle spec-
trum and its late-time thermal distribution which reduces to the Kerr, Reissner-Nordstro¨m and Schwarzschild
cases in the appropriate limits. We also compute the particle spectrum of the extremal Kerr-Newman system
and the total energy emitted.
I. INTRODUCTION
According to the no-hair theorem, black hole solutions to
the Einstein-Maxwell equations of general relativity – com-
bining the field equations of gravity and electromagnetism –
are fully characterised by their mass, M, angular momentum,
J and electric charge, Q. The Kerr-Newman solution [1] for a
charged, rotating black hole represents the most general class
of asymptotically flat black holes. As such, it continues to be
of significant theoretical and mathematical interest, providing
an entry point for further exploration into the numerous elec-
trovacuum solutions [2] to the EinsteinMaxwell equations.
In this paper, we derive a simplified (1+1)-dimensional
model of Hawking radiation [3–5] emitted by a Kerr-Newman
black hole, known as an accelerated boundary correspondence
(ABC). It is well-known that accelerated boundaries (i.e. per-
fectly reflecting mirrors) in flat spacetime radiate particles
[6, 7], induced by the rapid changing of boundary conditions
on incoming vacuum modes. For appropriately chosen trajec-
tories [8–10], close comparisons can be made with the radi-
ation emitted from black holes formed via gravitational col-
lapse [11]. While this correspondence has been well-studied
in the literature (e.g. Calogeracos asymptotics [12–15], Ritus
duality [16–19], equivalence principle controversies [20, 21],
entanglement harvesting and entropy evolution [22–28], mir-
ror partner particles [29, 30], uniformly and exponentially ac-
celerated analogs [31–34], and plasma mirrors [35, 36]), re-
cent studies have applied the ABC to novel situations includ-
ing the Kerr [37], Reissner-Nordstro¨m (RN) [38], de Sitter
and anti-de Sitter geometries [39], extremal RN [40, 41] and
extremal Kerr [37, 42], showing its continued relevance as
an analytical tool in curved spacetime quantum field theory
[43, 44].
Our paper is organized as follows: in Sec. II, we review
the details of the Kerr-Newman metric and the transforma-
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tion of this coordinate system to an accelerated mirror trajec-
tory. In Sec. III, we derive the energy and particle flux radi-
ated from the mirror and demonstrate its thermal character for
late-times. In Sec. IV, we extend our study to the extremal
Kerr-Newman metric and study the properties of the corre-
sponding mirror trajectory. Throughout, we make compar-
isons to the Kerr, RN and Schwarzschild metrics, confirming
prior results [45–48]. In this paper, we adopt natural units,
G= }= c= kB = 1.
II. ACCELERATED BOUNDARY CORRESPONDENCE
A. Kerr-Newman metric
The Kerr-Newman (KN) metric takes the form,
ds2 =− ∆
ρ2
(
dt−asin2 θdφ)2 + ρ2
∆
(
dr2 +∆dθ 2
)
+
sin2 θ
ρ2
(
(r2 +a2)dφ −adt)2, (1)
where a = J/M is the mass-normalised angular momentum,
ρ2 = r2 +a2 cos2 θ and ∆= r2− rSr+a2 +Q2. Here rS = 2M
is the usual Schwarzschild radius, and Q is the electric charge
of the black hole. Setting θ = φ = 0 in Eq. (1) yields the
corresponding (1+1)-dimensional line element,
ds2 =− f (r)dt2 + f (r)dr2, (2)
where
f (r) = 1− 2Mr
r2 +a2
+
Q2
r2 +a2
. (3)
It is clear that in the limit Q→ 0, Eq. (2) reduces to the un-
charged, (1+1)-dimensional Kerr metric [37]; conversely, as
a→ 0, one obtains the (1+1)-dimensional RN spacetime [38].
Notice that Eq. (2) possesses two horizons at the radial coor-
dinates r± = M±
√
M2−a2−Q2 which reduce to the event
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2horizon, r = rS, and the coordinate singularity r = 0 of the
Schwarzschild black hole, in the limit a,Q→ 0. We have in-
troduced this (1+1)-dimensional metric to find the associated
radial trajectory (i.e. the mapping of the interior coordinates
to the exterior coordinates, see Sec. II B) of the center of the
black hole in (3+1) dimensions. As noted in previous works
[11, 37–40], this acts as the reflecting point of incoming vac-
uum modes. In the accelerated boundary correspondence, the
trajectory of the mirror functions as this reflecting point in flat,
Minkowski spacetime. Since the angular coordinates θ and φ
do not enter the line element in Eq. (2), the radiation flux of
the outgoing modes will be not depend on these parameters.
The temperature of outgoing radiation will be identical to that
obtained for the (3+1)-dimensional case.
B. (1+1)-dimensional mirror trajectory
In the Kerr-Newman spacetime, the thermal radiation emit-
ted from the black hole and detected by an inertial observer at
infinity has temperature
TKN =
κ+
2pi
=
1
4pi
r+− r−
r2++a2
, (4)
where κ+ is the surface gravity of the outer horizon. For a
double null coordinate system (u,v) with u = t− r? and v =
t+ r?, the associated tortoise coordinate r? is obtained [43],
r? =
∫ dr
f (r)
, (5)
which yields
r? = r+M ln
∣∣∣∣ (r− r+)(r− r−)r2S
∣∣∣∣+ 2M2−Q22λ ln
∣∣∣∣ r− r+r− r−
∣∣∣∣,
(6)
where λ =
√
M2−a2−Q2. The metric for the geometry
describing the outside collapsing region takes the simplified
form, ds2 = − f dudv. The matching condition (see [43])
with the flat interior geometry, described by the interior co-
ordinates U = T − r and V = T + r is the trajectory corre-
sponding to r = 0, expressed in terms of the exterior function
u(U) with interior coordinate U . We can obtain this matching
via the association r = r?, and taking r?(r = (v0−U)/2) =
(v0− u)/2 along a light ray, v0. In a similar manner to the
uncharged Kerr black hole [37], we can choose v0−2r+ ≡ vH
or v0− 2r− ≡ vH , since u→ ∞ at U = vH . Without loss of
generality, we set vH = 0 and neglect the inner horizon solu-
tion so that v0 = 2r+. This choice is justified since it reduces
to the correct Schwarzschild limit, wherein r− = 0 represents
the curvature singularity.
Doing so yields the following expression for the exterior
coordinate,
u(U) =U− 1
κ+
ln
∣∣∣∣ U4M
∣∣∣∣− 1κ− ln
∣∣∣∣U−4λ4M
∣∣∣∣, (7)
where
1
κ±
= 2M± 2M
2−Q2√
M2−a2−Q2
, (8)
are the inverted surface gravities at the outer and inner
horizons (corresponding to κ+,κ−) respectively. It can
be straightforwardly verified that Eq. (7) reduces to the
Schwarzschild (a,Q= 0), Kerr (Q= 0), and RN (a= 0) exte-
rior coordinates in the appropriate limits.
The regularity condition of the modes requires that they
vanish at r = 0, which acts as the reflecting boundary in the
black hole coordinate system. In the accelerated boundary
correspondence, the origin functions as the mirror trajectory
in the (U,V ) coordinates. Since the field vanishes for r < 0,
the form of the field modes can be determined, allowing for
the identification U ⇔ v in the Doppler-shifted modes. One
can define the ray-tracing function, f (v), for the analog Kerr-
Newman mirror trajectory by making the further identification
u(U)⇔ f (v), which is a known function of the advanced time
v.
FIG. 1. Penrose conformal diagram of the mirror trajectories, Eq. (9),
with M = 1/8,1/4,1/2,1, ranging from blue to orange respectively,
and a= Q= 1/16.
In the following, we consider a massless scalar field in
(1+1)-dimensional Minkowski spacetime. From Eq. (7), the
ray-tracing function of the mirror is given by
f (v) = v− 1
κ+
ln |κv|− 1
κ−
ln |κ(v−4λ )|, (9)
where κ = 1/4M is the surface gravity of the Schwarzschild
black hole. Eq. (9) implicitly defines the spacetime trajectory
of the accelerated mirror. Again by construction, our derived
expression for f (v) reduces to the Schwarzschild, Kerr and
RN mirror trajectories in the relevant limits. A plot of these
3trajectories in a Penrose conformal diagram is shown in Fig.
1.
The rapidity as a function of advanced time, is given by
−2η(v) = ln f ′(v) where the prime denotes a derivative with
respect to the argument. We obtain,
η(v) =−1
2
ln
∣∣∣∣1− 1κ+v + 1κ−(v−4λ )
∣∣∣∣. (10)
Notably, the mirror approaches the speed of light as it ap-
proaches the horizon, v→ 0. The proper acceleration, α(v) =
eη(v)η ′(v), can also be straightforwardly derived. For late-
times, the acceleration, to leading order in v, is
α(v) =− κ+√−4κ+v +O(v), (11)
which diverges (asymptotic infinite acceleration), and is de-
pendent on κ+. In the early-time limit, v→−∞, the proper
acceleration vanishes.
III. ENERGY FLUX AND PARTICLE SPECTRUM
Having analysed the dynamics of the (1+1)-dimensional
trajectory of the Kerr-Newman analog mirror, we now con-
sider the properties of outgoing particle and energy fluxes in-
duced by its motion. The radiated energy flux, F(v), can be
calculated from the quantum stress-energy tensor using the
simple expression [49],
F(v) =
1
24pi
{
f (v),v
}
f ′(v)−2, (12)
where the Schwarzian brackets are defined as{
f (v),v
}
=
f ′′′
f ′
− 3
2
(
f ′′
f ′
)2
, (13)
To leading order in v, near v→ 0−, this yields
F(v) =
κ2+
48pi
+O(v2), (14)
indicating uniform energy flux at late-times consistent with a
temperature T = κ+/(2pi). Eq. (14) is identical to that found
in [37] for the Kerr analog mirror, but includes a contribution
from the charge within the surface gravity term.
Next, we consider the particle spectrum of the outgoing
modes. This can be derived from the Bogoliubov coefficients,
βωω ′ =
1
2pi
√
ω ′
ω
∫ vH
−∞
dv e−iω
′v−iω f (v), (15)
where ω,ω ′ are the frequencies of the outgoing and incoming
modes respectively. This is a simplified form of the integral in
e.g. [49] where integration by parts neglects non-contributing
surface terms. The particle spectrum can be obtained by tak-
ing the modulus square, NKNωω ′ = |βωω ′ |2 which yields
NKNωω ′ =
ω ′
2piκ+ω2+
e−piω/κ−
e2piω/κ+ −1 |U |
2, (16)
where ω+ = ω+ω ′ and
U ≡U
(
iω
κ−
,
iω
κ
,
iω+
κ¯
)
, (17)
is a confluent hypergeometric Kummer function of the sec-
ond kind. Here, κ¯−1 ≡ 2(r+− r−) = 4λ = 4
√
M2−a2−Q2.
Eq. (16) is our first main result, indicating that the parti-
cle spectrum of the Kerr-Newman black hole is not thermal
at early times, which accords with known results like those
derived using the Parikh-Wilczek tunnelling framework [50–
52]. As we show in Sec. III C, the late-time particle spectrum
(ω ′  ω) approaches an exactly thermal distribution (in an
analogous manner to the late-time Schwarzschild spectrum),
where the relative influence of a,Q on Nωω ′ are negligible. In
Fig. 2, we plot Nωω ′ as a function of these parameters for early
times, ω ∼ ω ′. This is the appropriate limit for the early-time
behaviour since the mirror is timelike in the asymptotic past
and so the incoming and outgoing modes have approximately
equal frequency. Notably, we find that the early-time particle
FIG. 2. Mode-mode particle spectrum, Nωω ′ as a function of a,Q
for early times, ω = ω ′ = 1. The white space corresponds to regions
of the (a,Q) parameter space where M2−a2−Q2 < 0, which is un-
physical. The spectrum is normalized by 1012 for illustration.
spectrum is asymmetric with respect to the angular momen-
tum and charge of the black hole. In particular, the rotation of
the black hole inhibits particle production more strongly than
an equivalent amount of charge. The faster decay of Nωω ′
with respect to a as compared to Q may be due to the fact
that for two equal mass Kerr-Newman black holes, the more
rapidly rotating black hole requires is more energetic (see the
Tolman-Landau-Lifshitz definition [53]). Therefore, less en-
ergy is available to be carried away by the radiation.
4A. Kerr Limit
We now consider the limiting cases of Eq. (16) which re-
duce to other well-known black hole solutions. In the limit
Q→ 0, NKNωω ′ reduces to the known result obtained for the ana-
log Kerr system [37],
lim
Q→0
NKNωω ′ = N
K
ωω ′ =
ω ′
2piκ+ω2+
e−piω/κ−
e2piω/κ+ −1 |U
K|2, (18)
where the inverse Kerr surface gravities and UK are
1
κ±
= 2M± 2M
2
√
M2−a2 , U
K ≡U
(
iω
κ−
,
iω
κ
,
iω+
κ¯
)
, (19)
and are now written in terms of the relevant parameters in the
Kerr limit. Here we have implicit uncharged Kerr quantities
κ¯−1 = 2(r+− r−) = 4
√
M2−a2. It can be straightforwardly
verified that Eq. (18) accords with that found in [37].
B. ReissnerNordstro¨m Limit
Next, we take the a→ 0 (zero angular momentum) limit
and find that
lim
a→0
NKNωω ′ = N
RN
ωω ′ =
ω ′
2piκ+ω2+
e−piω/κ−
e2piω/κ+ −1 |U
RN|2 (20)
where
1
κ±
= 2M± 2M
2−Q2√
M2−Q2
, URN ≡U
(
iω
κ−
,
iω
κ
,
iω+
κ¯
)
,
(21)
are the inverse RN surface gravities, and Kummer function re-
spectively. Here κ¯−1 = 2(r+− r−) = 4
√
M2−Q2. We note
here that Eq. (20) is the same spectrum as found in [38] but in
more simple form due to integration of the Bogoliubov coef-
ficient by parts and neglecting surface terms.
C. Schwarzschild & Thermal Limits
In the uncharged, non-rotating limit, the inner horizon van-
ishes and the particle spectrum reduces to
lim
Q→0
lim
a→0
NKNωω ′ = N
S
ωω ′ =
ω ′
2piκω2+
1
e2piω/κ −1 , (22)
where κ = 1/4M is the usual surface gravity at the event hori-
zon. This is exactly the Schwarzschild particle spectrum ob-
tained in [45–48] where at late times T = κ/(2pi).
Finally, we consider the late-time limit for the outgoing par-
ticle spectrum, which we associate with ω ′ ω as identified
by Hawking [3]. The late-time incoming plane wave modes
become significantly Doppler-shifted because of the asymp-
totically null mirror trajectory. Hence, the main contribu-
tion to the Bogoliubov coefficients comes from these high-
frequency modes. We have,
lim
ω ′ω
NKNωω ′ = N
CW
ωω ′ =
1
2piκ+
1
e2piω/κ+ −1 , (23)
where κ+ is defined in Eq. (8). Here, NCWωω ′ is the eternal parti-
cle spectrum obtained for the Carlitz-Willey mirror trajectory
[54], with temperature T = κ+/(2pi).
IV. EXTREMAL KERR-NEWMAN
The extremal Kerr-Newman (EKN) limit represents the
minimal possible mass which is compatible with the black
hole’s angular momentum and charge, and occurs for M2 =
a2 +Q2. Extremal black holes have been crucial in develop-
ing an understanding of the statistical origin of black hole en-
tropy [55], making them relevant cases for studying quantum
aspects of gravity.
For the extremal Kerr-Newman case, one can obtain the rel-
evant radial and time pieces of the metric in Eq. (2), giving
f (r) = 1− 2
√
a2 +Q2r−Q2
r2 +a2
(24)
which yields the tortoise coordinate,
r? = r− 2a
2 +Q2
r−M +2M ln
∣∣∣∣ r−M2M
∣∣∣∣ (25)
In Eq. (25), we have restored the extremal mass parameter
M where possible as shorthand for M =+
√
a2 +Q2, keeping
in mind the EKN system is characterized by only two free
parameters, not three (KN). We have chosen an integration
constant which yields the appropriate Schwarzschild limit in
the non-rotating, uncharged case.
Following the standard analysis by matching r? = r, solving
for the radial coordinate of the origin for the black hole metric,
and then applying the regularity condition of the modes, yields
the following trajectory for the EKN mirror,
f (v) = v− 1A2v −
1
κ
ln |κv|. (26)
where we have anticipated the parameter A as the asymptotic
uniform acceleration, A−1 ≡ 2
√
2a2 +Q2 = 2
√
a2 +M2.
Here κ = 1/(4M) is the surface gravity of the Schwarzschild
case and M = +
√
a2 +Q2. One can straightforwardly verify
that Eq. (26) reduces to the extremal RN solution [40] in the
limit a= 0 and M = Q and to the extremal Kerr solution [37]
in the limit Q = 0 and M = a. In particular, we have set the
shell coordinate to be v0 = 2M with the horizon at vH = 0.
The rapidity is
η(v) =−1
2
ln
∣∣∣∣ 1A2v2 + 1κv −1
∣∣∣∣, (27)
which describes a trajectory which is static in the asymptotic
past and approaches the speed of light as v → 0−. In the
asymptotic future, the trajectory approaches uniform acceler-
ation, namely
lim
v→0
α(v) =− 1
2
√
2a2 +Q2
≡−A. (28)
5Thus, the EKN analog mirror advances toward asymptotic
uniform acceleration. From the mirror trajectory, Eq. (26),
we can determine the energy flux, Eq. (12), given by
F(v) =
κ2A6v3 (A2v(1−4κv)+4κ(3κv−1))
48pi (A2v(κv−1)+κ)4
(29)
We find that F(v) vanishes in the limit v→ 0, which is be-
havior in common with asymptotically inertial mirrors, even
though the extremal mirror is asymptotically uniformly ac-
celerating. Despite a terminating asymptotic energy flux, the
model still produces an infinite total particle count. Infinite
total particle emission is not a property of asymptotic zero ve-
locity (static) mirrors like the Walker-Davies model [56], or
the ‘Schwarzschild mirror with quantum purity’ model [57–
59], which yield finite total particle count N.
The total energy is finite and analytic, found by integrating
over the observer’s retarded time u at I +R ,
E =
∫ vH=0
−∞
F(v)
d f (v)
dv
dv (30)
which yields
E =
κ
48pi
[
− 1
j2
+
(
1
j3
+
3
j
)
tan−1 j
]
, (31)
where j ≡ J/M2 = a/M and κ ≡ 1/(4M) is the surface grav-
ity of the Schwarzschild black hole. We have plotted the total
EKN energy, Eq. (31), as a function of a,Q in Fig. 3. As
before, M2 = a2 +Q2 plays the role of the extremal mass pa-
rameter, so that only two free parameters enter the expression.
Eq. (31) satisfies the appropriate limits in the extremal Kerr
(a→ 1) [37] and extremal RN [40] (Q→ 1) cases,
lim
Q→0
E = EEK, lim
a→0+
E = EERN. (32)
Furthermore, we observe from Fig. 3 that the energy is
bounded by the extremal Kerr and RN limits. Similar to the
non-extremal case, there is asymmetry in the behavior of the
total energy with respect to variations in a and Q. Draw-
ing an analogy with the black hole system, a finite energy
ensures that the evaporation process stops, and that a naked
singularity is impossible from the emission of neutral spin-0
particles. Like the ERN or EK, an infinite number of zero-
frequency (soft) particles are radiated by the EKN, but only a
finite amount of energy is carried away.
The particle mode-mode spectrum is given by
NEKNωω ′ := |βEKNωω ′ |2 =
e−piω/κω ′
pi2A2ω+
∣∣∣∣Kn( 2A√ωω+
)∣∣∣∣2 (33)
where Kn(x) is the modified Bessel function of the second
kind, with n= 1− iω/κ . The total energy carried by the par-
ticles, obtained via
E =
∫ ∞
0
dω
∫ ∞
0
dω ′ω ·NEKNωω ′ (34)
is the same as Eq. (31) derived by the stress tensor radiation,
Eq. (30) confirming the signatures [60] of energy flux in parti-
cle creation [61]. It should be clear that the extremal case has
a particle spectrum which is never thermal and is not a limit of
a thermal spectrum, still in agreement with [62] which found
the smoothly connected limit of the stress energy tensor. The
dynamics of the extremal analog mirror is entirely different
to those found for the non-extremal case. The extremal cases
have late time constant acceleration, while the non-extremal
cases have infinite late time acceleration. Apart from this
drastic difference, our findings highlight the peculiarity of ex-
tremal black holes, separate from their non-extremal counter-
parts. Intuitively, the reason for this is a result of the char-
acteristic of extremal black holes, namely a vanishing surface
gravity, which yields an undefined temperature.
FIG. 3. Total energy radiated by the analog extremal Kerr-Newman
mirror, Eq. (31), with increasing Q (blue) and a (orange) and fixed
M =
√
a2 +Q2 = 1. The total energy, EEKN, is scaled up by 103.
As Q→ M, the system reduces to the extremal RN case, while for
a→ 1, we obtain the Kerr limit. For two equal mass black holes, the
more charge, the more energy radiated. Spin and charge are equal at
a= Q=M/
√
2.
V. CONCLUSIONS
In this paper, we have applied the accelerated boundary cor-
respondence to the Kerr-Newman metric. In doing so, we
have provided a simplified model of the Hawking radiation
spectrum emitted from the black hole, which is found to be
thermal in the late-time limit and accords with known results.
This paper completes a series of works which have stud-
ied asymptotically flat black holes (namely the Schwarzschild,
Reissner-Nordstro¨m and Kerr cases) and their radiation spec-
tra, using accelerated mirrors. As has been demonstrated, the
approach is highly accessible and can be easily extended to
more complex spacetimes. We envision that new physics will
continue to be discovered through this simple, but highly ver-
satile model.
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